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A
bstract

T
he

talk
presents

a
theory

of
uncertainties

in
the

reconstructions
of

the
plasm

a
current

density
and

pressure
profiles

in
the

G
rad-S

hafranov
equation.

T
he

associated
technique

w
as

incorporated
into

the
E

S
C

code.

P
otentialvariances

in
q

-
and

p
-

profiles
have

been
calculated

for
different

sets
ofexternaland

internalm
easurem

ents
envisioned

forequilibrium
reconstruction

in
IT

E
R

.

Itw
as

show
n

thatcom
plem

enting
the

externalm
agnetic

m
easurem

ents
w

ith
ei-

ther
S

tark
line

polarization
signals

(M
S

E
-LP

)
or

w
ith

recently
proposed

for
IT

E
R

by
N

ova
P

hotonics
line

shiftsignals
(M

S
E

-LS
)

can
significantly

im
prove

the
re-

liability
ofthe

reconstructed
plasm

a
profiles

and
the

m
agnetic

configuration.

C
apabilities

ofcalculating
variances,incorporated

into
the

num
ericalcode

E
S

C
,

have
com

pleted
the

theory
ofreconstruction,w

hich
for

a
long

tim
e

had
a

signifi-
cantgap

in
ability

to
evaluate

the
quality

ofthe
presently

w
idely

used
equilibrium

reconstruction
technique.
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4
2

V
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1
S

etofsignals
for

equilibrium
reconstruction

IT
E

R
B

=5.3
T,
I
p
l =15

M
A
β

=
2
.8%

equilibrium
configuration
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R
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M
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ion

Leonid
E

.Z
akharov,C

onference
on

D
iagnostics

ofH
igh

Tem
perature

plasm
a,Z

venigirod,
R

F,June
3-8,2007

PRINCETO
N PLASM

A
PHYSICS LABO

RATO
RY

PPPL
4



1
S

etofsignals
for

equilibrium
reconstruction

(cont.)

M
easurem

ents
ofthe

Line
S

hiftdue
to

M
S

E
w

as
proposed

by
N

ova
P

hotonics
as

a
diagnostics

ofIT
E

R
configuration
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R
eference

signalerrors
ǫ

used
here

for
calculating

vari-

ances
in

equilibrium
reconstruction

in
IT

E
R

:

S
ignalnam

e
ǫ
r
e
la
tiv
e
ǫ
a
b
s
o
lu
te

C
om

m
ent

B
-coils

0.01
0.01

T
localprobes

Ψ
-loops

0.01
0.001

V
sec

Φ
-loop

0.01
0.001

V
sec

diam
agnetic

loop

M
S

E
-LP

0.01
0.1

o
B
z /
B
ϕ

from
M

S
E

line
polarization

M
S

E
-LS

0.01
0.05

T
√|B

|
2−

(B
·
v
)
2

from
M

S
E

line
shift

M
S

E
-LP

and
M

S
E

-LS
signals

w
ere

assum
ed

to
be

point-

w
ise.

T
his

requires
m

ore
realistic

m
odelfrom

N
ova

P
ho-

tonics.

T
he

capabilities
ofequilibrium

reconstruction
w

ith
such

a
set

ofsignalis
the

topic
ofthe

talk
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2
V

ariances
in

tokam
ak

equilibrium
reconstruction

T
he

practice
typically

neglects
m

aking
analysis

of
varianc

es
in

reconstructed
equilibiria

In
tokam

aks
the

G
rad-S

hafranov
(G

S
h)

equation
describes

the
configuration

∆
∗Ψ̄

=
−
T

(Ψ̄
)−

P
(Ψ̄

)r
2,

T
≡
F̄
d
F̄

d
Ψ̄
,
P

≡
µ

0

d
p

d
Ψ̄
,

(2
.1

)

Its
solution

can
be

perturbed
by

1.perturbation
ofthe

plasm
a

shape

ξ
(a

p
l ,
l),

and
(2
.2

)

2.perturbation
oftw

o
1-D

functions

δ
T

( Ψ̄
),

δ
P

( Ψ̄
).

(2
.3

)

T
he

question,neglected
by

presentpractice,is
w

hatlevelofperturbations
can-

notbe
distinguished

given
the

finite
accuracy

ofm
easurem

ents.

T
he

levelofvariances
ξ
,
δ
T
,
δ
P

determ
ines

the
very

value
ofreconstruction

and
ofthe

entire
diagnostics

system
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2
V

ariances
in

tokam
ak

equilibrium
reconstruction

(cont.)

T
he

theory
of

variances
has

been
created

in
2006

by
L.Z

akharov,J.Levandow
ski,V.D

rozdov
and

D
.M

cD
onald

T
he

problem
is

reduced
to

solving
the

linearized
equilibrium

problem

Ψ̄
=

Ψ̄
0
+
ψ
,

∆
∗ψ

+
T

′Ψ̄
ψ

+
P

′Ψ̄
ψ

=
−
δ
T

(a
)−

δ
P

(a
)r

2
(2
.4

)

for
N

possible
perturbations

ξ
=

n
<
N
ξ

∑

n
=

0
A
n
ξ
n
(l),

δ
T

=
n
<
N
J

∑

n
=

0
T
n
f
n
,
δ
P

=
n
<
N
P

∑

n
=

0
P
n
f
n
,

N
=
N
ξ
+
N
J

+
N
P
,
f

2
n

=
c
o
s
2
π
n
a

2,
f

2
n
+

1
=

sin
2
π
n
a

2,

(2
.5

)

w
here

l
is

the
poloidalcoordinate

at
the

plasm
a

boundary,
and

0
≤
a

≤
1

is
the

square
rootfrom

the
norm

alized
toroidalflux.

T
he

response
ofthe

diagnostics
to

each
of N

solutions
ψ
n

can
be

calculated
in

a
straightforw

ard
w

ay.

E
S

C
is

based
on

linearization
ofthe

G
S

h
equation.

Itw
as

com
p

lem
ented

w
ith

a
routine

for
analysis

ofvariances
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2
V

ariances
in

tokam
ak

equilibrium
reconstruction

(cont.)

8
functions

f
n
(a

2)
has

been
used

to
perturb

P
(Ψ̄

),
T

(Ψ̄
)

f_m
 i0=

0 i1=
21 0<

=
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8
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etric

expansion
functions

f
n
(a

2)
background

current
den-

sity
profiles

̄
s (a

)
background

pressure
pro-

file
p̄
(a

)

E
S

C
can

use
an

extended
setofbasis

functions
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3
“R

igorous”
theory

for
“non-rigorous”

reality

A
fter

solving
the

perturbed
G

S
h

equation,
the

problem
is

re-
duced

to
a

m
atrix

problem

Letvector
~X

contains
the

am
plitudes

ofperturbations

~X
≡

 A
0 ,
A

1 ,
.
.
.
,
A
N
b −

1
︸

︷
︷

︸

N
ξ
o
f
ξ

,
T

0 ,
.
.
.
,
T
N
T −

1
︸

︷
︷

︸

N
T
o
f
δ
T

,
P

0 ,
.
.
.
,
P
N
P

−
1

︸
︷
︷

︸

N
P
o
f
δ
P

,



(3
.1

)

and
vector

δ
~S

represents
the

signals

δ
~S

≡

 δ
Ψ

0 ,
.
.
.
,
δ
Ψ
M

Ψ
−

1
︸

︷
︷

︸

M
Ψ
o
f
δ
Ψ

,
δ
B

0 ,
.
.
.
,
δ
B
M
B

−
1

︸
︷
︷

︸

M
B
o
f
δ
B
p
o
l

,
δ
S

0 ,
.
.
.
,
δ
S
M
S −

1
︸

︷
︷

︸

M
S
o
f
δo

th
e
rs



,

M
≡
M

Ψ
+
M

B
+
M

S
,
M

>
N
.

(3
.2

)

32
Ψ

−
,
1

Φ
d
ia
m
a
g
n
e
tic -loops,

64
B

-probes,
21

M
S

E
-LP

(line
polarization)

and
21

M
S

E
-LS

(line
shift)

signals
(both

pointw
ise)

w
ere

used
in

the
analysis.

E
S

C
calculates

the
response

m
atrix

A
relating

δ
~S

and
perturbations

δ
~X

δ
~S

=
A
~X
,

A
=

A
M

×
N
.

(3
.3

)
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3
“R

igorous”theory
for

“non-rigorous”reality
(cont.)

T
he

w
orking

m
atrix

A
w

eights
δ
S
m

based
on

their
accuracy

(A
)
nm

=
1ǫ
m

(A
)
nm
,
δ
S̄
m

=
1ǫ
m

δ
S
m
,

A
~X

=
δ
~̄S
,

(3
.4

)

w
here

ǫ
m

is
the

errorin
the

signalS
m

.
S

V
D

expresses
the

m
atrix

A
as

a
product

A
=

U
·W

·V
T
,

U
=

U
M

×
N
,

U
T

·U
=

I,
I
nm

=
δ
nm
,

W
=

W
N

×
N
,
W

kn
=
w
kδ
kn ,

V
=

V
N

×
N
,

V
T

·V
=

I.

(3
.5

)

H
ere,

w
k

are
the

eigenvalues
ofthe

m
atrix

problem
.

T
he

colum
ns

V
k

ofm
atrix

V
representthe

norm
alized

eigen-vectors
ofthe

problem
.

T
he

solution
ofm

atrix
problem

(3.5)
generates

a
hierarchy

ofeigen-perturbations
each

corresponding
to

colum
ns

ofm
atrix

V
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3
“R

igorous”theory
for

“non-rigorous”reality
(cont.)

E
igen-values

w
k

determ
ine

visibility
ofeigen-perturbations

In
term

s
ofcolum

ns
ofm

atrix
V

,the
eigen-perturbations

~X
k

can
be

defined
as

~X
k

≡
γ
kV

k,
(3
.6

)

w
here

factors
γ
k

scale
each

physical
perturbation

to
the

m
ost

lim
iting

value
am

ong
characteristic

ξ
m
a
x ,
δ
T
m
a
x ,
δ
P
m
a
x .

C
alculation

ofR
M

S
ofthe

signals
~̄S
k

generated
by

each
~X
k

δ
~̄S
k

=
A
~X
k

=
γ
kw

k
~U
k,

√√√√√√

1M

m
<
M

∑

m
=

0

(δ
S̄
km

)
2
=
γ
kw

k

√
M
,

(3
.7

)

determ
ines

variances
σ̄
k

in
reconstruction

ofeach
eigen-perturbations

as

σ̄
k

≡
√
M

γ
kw

k
,

(3
.8

)

T
he

spectrum
of
σ̄
k

,defined
by

E
q.(3.8),is

a
quantitative

m
easure

ofquality
ofdiagnostic

system
s

P
erturbations

~X
k

w
ith
σ̄
k
>

1
are

“invisible”
for

diagnostics
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4
C

apabilities
ofdiagnostics

for
equilibrium

reconstruction

IT
E

R
configuration

is
used

for
illustrating

the
technique
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R
eference

signalerrors
ǫ

used
here

for
calculating

vari-

ances
in

equilibrium
reconstruction

in
IT

E
R

:

S
ignalnam

e
ǫ
r
e
la
tiv
e
ǫ
a
b
s
o
lu
te

C
om

m
ent

B
-coils

0.01
0.01

T
localprobes

Ψ
-loops

0.01
0.001

V
sec

Φ
-loop

0.01
0.001

V
sec

diam
agnetic

loop

M
S

E
-LP

0.01
0.1

o
B
z /
B
ϕ

from
M

S
E

line
polarization

M
S

E
-LS

0.01
0.05

T
√|B

|
2−

(B
·
v
)
2

from
M

S
E

line
shift

M
S

E
-LP

and
M

S
E

-LS
signals

w
ere

assum
ed

to
be

point-

w
ise.

T
his
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5
S

um
m

ary

T
he

capability
of

calculating
variances,

now
developed,

ha
s

com
pleted

the
theory

ofequilibrium
reconstruction

1.T
he

quantitative
evaluation

ofthe
quality

ofdiagnostics
system

s
on

existing
and

future
m

achines
can

be
done

based
on

spectrum
of

“visible”
perturba-

tions
( σ̄

-curves)

2.It
w

as
confirm

ed
that

the
internal

m
easurem

ents
of

the
m

agnetic
field

are
crucialfor

reconstruction.
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ents
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-profiles).
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any
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